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Chapter 11 — Special Theory of Relativity

1. Situation before 1900, Einstein’s Two Postulates

Maxwell’s equations
(1864) Maxwell’s equations: electromagnetism and optics
e Wave theory: a medium for the propagation of waves (ether).

e Ether: rarefied medium supposed to have no interaction with matter and to permeate
all space, through which electromagnetic waves propagate. [Aristotle (4th century BC),
Descartes (17th century), Fresnel (19th century)).

Electromagnetism versus Mechanics

Consider two reference frames, K and K’, with relative velocity

K K' .
-7 - Z
—-
v
y y'

Figure 1: Illustration of two reference frames, K and K’, with relative velocity .

The Galilean transformations are
-

¥ =7—ut, t'=t. (1)

For a system of particles interacting through a central potential, in the reference frame K’,

d2—»/ ,
dt’2 = —V Z‘/;j |z, —:c (2)
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From Eq. (1),
U= 0; — U, Vi=V,, d:f}’:d_i’ and |7 — 7| = |7 — ).
Therefore, in the reference frame K,
d*7; = S
Mi sy = —Vi)> Vi (1E =) (3)
J
Consider a field ¢ (2", t") satisfying the equation
- 1 o
2 _
(V' — 0_2(915’2) Y =0. (4)
First, we know that
o o
VT2 gt

But, from Eq. (1),
d¥' = d¥ — vdt, dr, = dx; — v; dt, dt' = dt.

Thus,
0 0 -
dyp = 8;&’. dx; + {a—:ﬁ —U- V’zﬂ} dt.
Therefore,
0 o . =,
a = % — V- V .
Hence,
o? o _ =\’
Similarly,
iz o _ =\
12 = (a +v V)
Consequently,
- 1 02 2, =0 1 -
2 L0 Lo g9 Lo ol
292 2V Vat 2 (0-V) } Y =0. (5)

The wave equation is not preserved in the form of the Galilean transformations.
Possibilities
1. Maxwell’s equations were incorrect. The proper theory of electromagnetism should be

invariant under Galilean transformations.

2. Galilean relativity applied to mechanics and there exists a privileged inertial frame in
which the ether is at rest.

3. Under another kind of transformations between inertial frames, the electromagnetic the-
ory has the same form in every inertial reference frame.
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Discussion

1. Difficult to accept: success of Maxwell’s equations at the hands of Hertz, Lorentz, et al.

2. Acceptable, but Michelson-Morley (1887) obtained a null result for the motion of the
Earth relative to the ether.

maovable
mirrar

i-—.

light half-
source transparent

/ mirror
? T fixed
mirrar
/ ’

F N /,,/-—P
(a) (b) \"4

Figure 2: (a) The Fizeau experiment; (b) the Michelson-Morley interferometer.

(1892) Introduction of the Fitzgerald—Lorentz contraction:

L(v) = Loy/1— —. (6)

Other experiments also failed: Fizeau experiments (1851, 1853) and later Michelson and
Morley (1886) experiments on the velocity of light in moving fluids could be only under-
stood if one supposed the ether was dragged along partially by the moving fluid.

3. Lorentz and Poincaré showed that Maxwell’s equations are invariant under Lorentz trans-
formations — and Eq. (6) is one of their consequences. Einstein chose this possibility.
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Postulates of the Theory of Relativity
1. Postulate of relativity:

The laws of physics are the same in all inertial reference frames.

2. Postulate of the constancy of the velocity of light:

The velocity of light is finite and independent of the motion of the source relative to the
observer.

2'. Postulate of a universal limiting velocity:

In every inertial reference frame there is a finite and universal limiting velocity ¢ for all
physical entities.

2. Recent Experiments
A) Ether Drift
The null result of the test of Michelson and Morley (1887) estabilished that
1 4
Vdrift < gvorb ~ 10 IIl/S.

A review is given by [2].
(1958) Mossbauer effect:
Suppose we have a gamma-ray emitter nucleus:
Emitter Nucleus

Absorber Nucleus
e ey

%
=

detector

Figure 3: Emission and resonant absorption of gamma rays.

The energy of the excitation should be splitted between the photon and the nucleus:

2 2

P E
Ey=FE,+—L=F -
0= Bt g "o

Solving for E,, disregarding the negative solution and expanding to the 3rd order:

2F, E?
E, =M |-1+4/14+ —| ~Ey — —>.
7 ¢ * +Mc2 O oM

But, in the Mdssbauer effect, the recoil is taken up by the solid:
_E,y ~ Eo,

giving astounding precision in frequency with no Doppler shifts.
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Doppler Effect

The phase of a plane wave is invariant (its value is constant in different inertial reference

frames). For a plane electromagnetic wave, ¢ = Af, and

From Eq. (1), one obtains

w |t [1— i _ﬁ-:c’ = t/—ﬁ/.f, i
c c c

Since this must be valid for every ' and 7,

>

A n - v S
n=1, w’:w<1— ), d=c—1n-v

C

These are the standard Doppler shift formulas of Galilean relativity.

: (8)

A geometrical construction is then given. Let us watch a plane wave propagate through
2 inertial reference frames K and K’. At t; = 0 a given crest is at the point A and after an

unitary time, ¢ = 1, it arrives at the point B in K (or B’ in K’).

AN

Figure 4: A plane wave in two reference frames.

If the distance between A and B is ¢, then

m=cn—17,
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and its versor is .
cn — U
n=———. 9
" e — ] ©)
For small v/c,

pﬁ—m:qﬁ—Wd:c(y_iﬁ>.

c
m - Uy
~cl|l-— ,
c

where v, is the laboratory speed relative to the ether. Consequently,

. m - o . Uy
ml1l— ~n——.
c c

~ —

ﬁ:(1—m'“°)m+@. (10)

C C

This result is similar to

Hence,

Now, let a plane wave be observed by two observers, with frequency wy in the laboratory
frame and w; in a frame K; with velocity ©; = 4 + 9 relatively to the ether. From Eq. (8),

n- v
wi=wll- ,
c

and

Therefore,

To first order,
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uy
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Figure 5: Two Mdssbauer systems.

Two Mossbauer systems

Consider two systems, an emitter and an absorber, in the opposite ends of a rod and rotating
about a center with angular velocity 2.

From Eq. (11),
WI_WQI Uy — 1 ) m+@
wWo c c /)

(ﬁg—ﬁl)-m:(),

Here

such that one obtains . o L .
wy —wy (U —tuy) vy  20Ru- T
= > ,

wWo c2 c
and since u; and s are in opposite directions in the rotating apparatus,

2R
|y — 10| =~ 2u = 2 (%) — 20QR.

Taking the projection of 7 in the plane perpendicular to the rotation axis (same of 7y, i5),

w1 — w 2QR | -
1w0 2 = 2 sin Qt|(Tg) 1 |- (12)

(1963) Birmingham:
The Méssbauer line of 14.4keV gamma ray from *“Fe, following the beta decay of 5"Co, has
been measured in an apparatus as in Fig.5, with

R~ 4cm, Q ~6000s", vp =~ 200m/s,

which gives a sensitivity of approximately

A o,
Wo

No effect was observed to |(tp) .| = 1.6 + 2.8 m/s. A later experiment (1970) gave a limit
velocity smaller than approximately 5cm/s.

(1958) Ammonia masers:

Same concept, should have a beat frequency (under rotation of 180°):

Aw

it L
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but no ether drift has been measured at less than 30 m/s.

B) Velocity of light from a moving source

Many attempts have been made to make Maxwell’s equations not imply that the velocity of
light is constant relative to the source.

The Ritz’s electrodynamics: in his theory the two homogeneous Maxwell equations are
kept intact, but the equations evolving sources are modified in such a way that the speed of
light was equal to ¢ only when measured relative to the source. The Ritz theory is even in
accordance with the following experimental evidences:

e stellar position aberration;
e Fizeau experiment;

e original' Michelson-Morley experiment.

Unfortunately, it seems clear that most of the early evidence is invalid because of the interaction
of the radiation with the matter through which it passes before detection. Refs.: [3, 4, 5, 6|
(1964) CERN:
A measurement involving the velocity of 6 GeV photons produced in the decay

70—y

by time of flight over 80 m. The pions were produced by the bombardment of a beryllium
target by 19.2 GeV protons and had f ~ 0.99975. The velocity of light was found to be c,
independent of the motion of the source. If we had

d = c+ kv,
where v is the speed of the source, then, within the experimental precision
k=(0.0£1.3) x 107"
Ref. [7].

Other experiments on charged particles and neutrinos independently establish the validity
of the second postulate [8].

C) Frequency dependence of the speed of light in vacuum

The speed of light is known to an accuracy of ~ 1/10? and the meter is defined to this precision?.

Suppose that the velocity of light depends on frequency:

ctw)=c 1+ “’_)/ (13

Possibly, this can be related to a non-zero photon mass (E = hwy = mc?).

Tt is ruled out with extraterrestrial light from the sun or other stars.
2By the time when Jackson wrote his book, this was the case, see below ...
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The existence of normal modes in the Earth-ionosphere resonant cavity sets a limit of
wo < 10 ¢/R,

where R is the radius of the Earth. From radio frequencies to w — oo, the change due to a
photon mass is less than Ac/c ~ 1071,

The dispersion of vacuum (outside special relativity) was tested by pulsars observations over
13 decades of frequency. For two frequencies,

wy < Wa,
the dispersion in the velocity can be estimated from

c(wr) — c(w2)

cAt
< )
- D

where At is the pulse duration and D is the distance to the pulsar. The quite small time
duration of the pulses permits a simple estimate. For the Crab pulsar Np 0532,

At ~ 3 x 10735, D ~6x10%ly.

Thus,

cAt
— ~1.7x 107,
D X

Various observations from v ~ 4 x 10" Hz, through the optical region, and up to E, ~ 1 MeV
indicate

A
2€ 107,
C

(1973) Stanford Linear Accelerator:
For higher energies, experiments involving photons of approximately 7 GeV give the result

— <107
c
Refs.: [9, 10]
(1983) General Conference on Weights and Measures:
The value of the speed of light was fixed as

c=299792458 m/s (exact).

And by definition:
“1 meter is the distance traveled by the light during a time of At = 1/c seconds”.
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3. Lorentz Transformations and Relativistic Kinematics

A) Lorentz Coordinate Transformations

Consider two reference frames K and K’ moving with relative velocity .

K K _
-7 - Z
—
/ / v
y y'
Figure 6: Illustration of two reference frames, K and K’, with relative velocity .

The origins of the coordinate systems coincide:
O=0" at t=t=0.

A light pulse emitted from the common origin must propagate with velocity ¢ in both reference
frames. According to Einstein’s second postulate, the propagation of light satisfies, in K,

AP — (P +y*+2°) =0, (14)
and, in K’,

22 (112 + y/2 + 212) —0. (147)

Since spacetime is homogeneous and isotropic, there must be a linear relation between the
two reference frames:

At — (2 +y? 4+ %) =N [P - (2P 4y + 2], (15)

where A = A\(v). The inverse transformation corresponds to v — —' and implies that A(v) = 1.
Now consider the case in which v = vZ. For a light ray,

z=ct =7 +vt') =~(c+v)t,
c—v

2 =ct' =v(z —vt) = y(c —v)t.

Eliminating ¢ and ¢/,

, o Ayle—w)t
y(c+v) c
Therefore,
) ? ?

and hence
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1 1

T 1o

Solving for the time coordinate,

olc

ct' = ~(c—v)t = y(ct — Bet).

Define
Tg = ct, T = 2, Ty = X, T3 =Y.

Then the Lorentz transformations can be written as

~

'1'6 = PY(‘%'O - ﬂxl)a
‘(E/l = ’Y(‘Tl - 61'0)7
(17)
Th = X9,
|75 = 3,
where .
o v = B ,
B== B=18, y=0-p)7" (16)
The inverse transformation is
(20 = y(x + Br}),
(18)

Now consider a boost in an arbitrary direction. The spatial vector is decomposed into
components parallel and perpendicular to 3:

J_Z’:J_I»H-i-fL.

The parallel component and the perpendicular component are

The transformation of the time component is
zy =7 (zo — Ba)) :7<x0—6-f>.

For the spatial components,

{
1

—f — a2 /
Ty =7 <$|| - 5900) ) 1L L
Since

=

=/ =/
r=x +r,
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we obtain ) )
, [(56-2@ FRRE S wﬁ-fv g]
Hence,
#=r (-0 TG, (19
together with
x6:7<x0—5-£’>. (19°)

Boost parameter /Rapidity
Define the rapidity ¢ by

et —e ¢ _ sinh(

f = tanh( = e¢ +e¢  cosh(
Therefore,
1 1 ~ eosh
! JI-F /1—tanh’C S
Thus,
v = sinh . (20)

A boost along the z; direction can then be written as

{37/0 = yxo — By,
x) = yr1 — vBxo.

Using the rapidity,

’xg = cosh ( xg — sinh 1,
2} = —sinh ( xg + cosh ( x7,
Ty = C xo ¢y (1)
Th = Tg,
é = I3.
Therefore,
x cosh( —sinh{ 0 0 To
2y | | —sinh¢ cosh¢ 0 0 T
x| 0 0 10 2]’
xh 0 0 01 T3

which suggests a geometrical interpretation: the Lorentz transformation corresponds to a hy-

perbolic rotation:
3
-3 (),
v=0

where A is the Lorentz transformation matrix.
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B) Four-vectors

Vectors of four dimensions that represent space and time coordinates of an event,

(Ao, A, A, Ay) = (Ao, A),
are called four-vectors. Their components transform according to
Al = (4 — BA),

A=A,
or,
AE):W(AO—E%Q,
U= A4 - DERG o
From the spacetime invariance
e

follows that ~ .
AG — AP = Af — |AP%.

17

(22))

(23)

The pairs (Ag, A) and (A}, A") are, respectively, the components of the same four-vector in the

reference frames K and K'.
For two four-vectors A and B, the “scalar product” is invariant:

A B =AB —~A-B =ABy—A-B=A-B.

Writing . . . B B .
A = 1|+Al, B’:Bf|+Bi,

follows that

A B = AyBy — (A + A)) - (By+ BL) = A\By— A - B — A - B,

Now, the Lorentz transformation gives

Ay =~ (A4 - F-A),  By=~(By—7-B),

D>l
:El
L UU
+
ﬁz

(24)
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Since E/L =0, andﬁ-éL = 0, we have
g'z‘fn:g'fi E.énzﬁ-é.
Hence,
By~ A B =52 (40— - A) (B 6 B)

— o2 [+ By = Ao(F - B) = Bo(3 - A) + 5*Ao By

— A, -B,.
Expanding the first term,

AyBYy = A B = | AgBy — AgkF=B) — BotF=A) + (3 A)(5 - B)|

Regrouping the terms,

AyBy— A B = 20~ AoBo +* [ (5

since

We also know that

A= 5 0 B = 5 P
such that oL
> = (B-A)B-DB)
Aj- B = 2
Therefore,
! I T D 2 N/A2 D 7. A _"B’ 3
Lo 3.A3-B L
AyBy — A'- B' = AyBy — ¥2(1—=T77) 8- 4)5-B) ;(f . . -B, =

ALBy— A B = AyBy— Ay By — A, - B..

At this point, using
A-B:AH 'B”“I‘AJ_'BJ_,

one obtains

AgBé—EIEIIAoBO—fTé

Thus,

A"-B'=A-B|
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C) Length, proper time and time dilation

Consider a particle at rest at the origin of the spatial coordinate system. The world line of a
light ray satisfies
2yt 4 = AR

We can draw a diagram distinguishing events inside, outside, and on the light cone.

AAST LIGHT CONE

Figure 7: The light cone.

Consider two events P (t1,71) and Ps(to, ¥2), the spacetime interval between them is invariant:
S%Q = C2(t1 — t2)2 — |Z)?1 — fg|2. (25)
There are three possibilities:

1. Time-like interval: s7, > 0;

There exists a reference frame K’ in which @ = 7%, and therefore s3, = (¢} — t)* > 0.
The two events occur at the same spatial position in K’, but at different times.

2. Space-like interval: s%, < 0;

There exists a reference frame K’ in which ¢ = ¢, and hence s?, = —|7} — 75|? < 0. The
two events are simultaneous in K’ but are separated in space.

3. Light-like interval: s?, = 0;

The events can be connected by a light signal.
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Proper time:
Consider a particle with velocity (t) in the reference frame K.
Since
dr = i dt,
Eq. (25) gives the following
ds* = 2dt* — |dz|* = Fdt*(1 — 5?),

where = u/c.
In the reference frame K’ in which the particle is instantaneously at rest (proper),

@ (t') =0, dz =0, dt' = dr.
Since the interval is invariant,
ds = cdr = > dr* = 2 dt*(1 — B?).

Hence,
dr = dt\/1 — B2(t) = % (26)

The quantity 7 is the proper time of the particle.

Consequently,

d
g A

S5

which is the time dilation of the particle. By integrating (26), one gets:

(27)

T2 dr T2
tQ—tlz\/T'l \/ﬁ:/;l ’}/(T)dT

Examples

1- Muon decay:
Pions (7%) decay to produce muons (p*). The mean lifetime of the muon is written as
approximately

To~2.2x107%s.

At light speed, secondary cosmic-ray muons should decay after c¢ry >~ 660 m. However, their
dilated lifetime is y7y and they survive all the way down through the atmosphere. Suppose
that they were produced at a height of 33 km. Thus,

verg = 33km = v =50 = [ ~ 0, 9996.

2- Fermilab pions:
At Fermilab charged pions with an energy of approximately 200 GeV are produced and
transported 300 m with less than 3% loss. With a lifetime of approximately

To =~ 2.56 x 1078,

—300/7.7 ~ 10717 should survive.

the Galilean decay distance should be ¢y ~ 7.7m and only e
However, at

E, =200GeV = v = 1400 = vcrg = 11 km.
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3- Atomic clocks:
Four Cs atomic clocks flown around the world twice in aircrafts and were compared to a
stationary one at US Naval Observatory [11]. The differences were approximately:

—59 + 10ns, —40 423 ns, eastward
273 £ 7ns, 275+ 21ns, westward.

D) Relativistic Doppler Effect

The phase of a wave (crest counting) is invariant under a Lorentz transformation.

Consider B B
p=wt—k-T=ut -k 7. (28)

Or, equivalently,
—

cp =wct —ck-F=uwct —ck'- 7.

Let us define § = (v/c)%, and the wave vectors k = k2, and k' = k'2',
Using the inverse Lorentz transformation,

ct =~(ct'+ B2)  and = z=~(2 + Bet’),
one obtains the transformation law for the wave four-vector,

cp =wct — ckz =
=wy(ct' 4+ B2") — cky(Z' + Bet’) =
=y(w — Bck)ct’ — y(ck — Pw)z' =
=w'ct' — ck'?,

where

ck! = ~(ck — Pw).

Now, defining w = cky and w’ = ckj), we have the wave four-vector:

{w' — y(w — Bek),

K = (cko, CE),

which transforms according to Lorentz transformation.
In general, for a wave vector k pointing to an arbitrary direction (but still keeping the boost

5 = (2), we must replace these equations by:

W =7 (w— pBck,),
ckl, =~ (ck, — Pw),
and the (unchanged) components perpendicular to the boost are:

ck!, = cky, ck, = cky,.

y
Generalizing the directions:
ki =7 (k) — Bhko) , (29)

/_—»
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Light waves

For light plane waves, the magnitude of the wave vector is related to the frequency by
- W
‘k ‘ =
c

such that the phase of a plane wave is invariant:

— w/2 —
Ak — K| = — - Alk)? = 0.
c

Thus, the frequency-wave number four-vector,
K = (cko, ck),

has null modulus: .
K*=K- K =ckj — 2lk]> =0.

So does the spacetime four-vector,
X = (ct, T),

since
X=X -X=7—|7*=0,

is the equation of a light pulse.
They are four-vectors of a special case whose squared modulus is null.

Now, their scalar product
K-X=90

is the invariant phase, and
2 = (K - X)? =(koct — ck - ©)? = W — A(k - T)?
—P(wt+ k- T)(wt — k- T) =
=c*dT P,

where each factorization represents, respectively, a wave propagating with phase velocity
vy < 0 and vy > 0.

Now, returning to (29) and making an angle ¢ between the direction of the wave and the
boost velocity. For the wave vector, we have

k= kcos®,
and the two perpendicular components

li_7 kQJ_-
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The Lorentz transformations give

W' = y(w — Bck cosh).

Since
ck = w,

we obtain

W =~yw(l— Bcosh)|, (29)

which is the relativistic (transverse) Doppler shift.
For the direction of propagation,

k/
tan @ = k—lf
Since
K, =k, =ksiné,
and w
A— — J—
k=7 (kb =57).
we have )
om0 — k sin 6
vy (kcost — Bw/c)
Using
w = ck,
we finally obtain
sin 6
tanf = ———— 30
T st ) 50

which gives the relativistic aberration of light (lighthouse effect).

4. Velocity addition, four-vector formulation

Consider the following situation:

x3"

=g
/ ™~
v

x2
[¢)

x3

x2

Figure 8: Addiction of velocities.
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We have
dry =, (dzg + B dxh),
dxy =, (dz}) + Bdxy) ,
dry = dzsy,
drs = dzj,

where

2
I
N
—_
|
Ql@
no (V)
~_
AN
~
Do

and, in order to determine the corresponding Lorentz factors,

u2 —1/2 u? —1/2
’Yu:<1—§) 5 ”Yu':<1—§) .

For the first component of the velocity,

dxy dxy Vo (dy + B dzf)) uy+v

N T dxg/c T (dxy + Bdx)) Jc - 1 vuy
Tz
Similarly,
dxs dxt, ub
u2 = — = = s
dt v (dxf dz !
Yo (dzg + Bdxh) e %(1_’_2”;1>
c
and
u/
Uz = S AN
Yo (1 + 21>
c
Thus, separating the components parallel and perpendicular to v,
w4+ v . i
W= — = AN (31)
1+ [
2 T 2
The angle 6 is therefore given by
u' sin 6
L+ vu' cos b’
ug c? u' sin ¢’ ,
tanf = — = - ; = ; . : (327)
| u cosb +v Yo (U cos @ + v)
vu' cos @
1+ ———

c2
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For the magnitude of the velocity,

2 2 (w cos @ + v)? N (u' sin 6)2
u=,/ul+u? = -
I + v’ cos 0\ 2 ) vu! cos 0\ 2
e I G

2
\/u’2 cos2 0" + 2u'v cos 0’ + v2 + w2 sin? ¢/ (1 — U—)
o v’ cos ' o
2

c

w22 sin? @
B \/u’2 +v2 4+ 2u'vcos ' — — 52
o 4 u'v cos 6 ’

c2

And, analogously, for @’ by replacing v — —.
For v << ¢, Egs. (31) and (32) reduce to the Galilean transformation v = v’ + v.
In the case in which %, @' and ¥ are parallel:

/!
u=— J:)Z, (33)
1+ —
C

If u' = ¢ = u = ¢, which shows that there are no velocities greater than that of light.
From Eq. (31), we see that @ does not transform as a four-vector.

Note that
02 —-1/2 uﬁ +U2L —-1/2
’)/,u = 1 — g = 1 — C2 =

~ —1/2

12 / 2 )
U
2 2 || 2 || 2 oV uy
v T2 +’y Yoz T 5 =

g v Yo 2 v 2 2

1/~2 ;2

b2 “n { _u
v 02
1
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26
Therefore,
Yu = VYo <1 + ﬁj) (34)
Substituting this result into Eq. (31),
YU = Yo (Yot + %) s Yl = il (35)
(35)

This transforms under a Lorentz transformation if we define the velocity four-vector

(U07 U) = (Vuc7 ’Yuﬁ) )

which is obtained from the space-time four-vector by differentiation with respect to proper
(36)

time: Ix
U=—.
T
Thus,
_dl’o_dl’odt_ dt_ ,
bo=r = ar o = e (36"
(367)

i d¥ drdt .
= —= — — = U —_= u.
dr ~dtdr T

5. Relativistic momentum and energy of a particle
E=E(_0)+ %muQ, (37)

For low velocities (v < ¢),
p = mi,

where m is the mass, i is the velocity, and E(0) is the rest energy of the particle (which can

be disregarded if v < ¢).
(38)

A possible generalization (of the first postulate) is
P = M(u), E = E&(u),

0%E m
= 57 (39)

with the limiting values
u=0

and with M(u) and £(u) being monotonic functions and well behaved in their arguments.

uc: =v’

' =v
ub’ = =V

Figure 9: The collision of 2 identical particles in the center-of-mass frame K’.

Suppose an elastic collision of two identical particles is observed in the reference frame K’

(center-of-mass frame), as given in Fig. 9.
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The conservation laws for (p, F) are

Do+ Py =D+ Py = M(v)T— M(v)t = M@ + M), (40)
El+E =E +E,=&v)+E@W) =EW)+ER"). (407)

For identical particles, £(v") = £(v") = v/ = v" = v, for monotonic functions. The first
equation therefore becomes

0= MW7 + M) = ="

Now let K be moving with velocity — = —vz with respect to K’

Figure 10: The collision of 2 identical particles in the laboratory frame K and in the center-of-
mass frame K.

From Eq. (31),

20 205 - U
_»a/ pumy = ; == —, 4].
B 14+0v2/c2 14 B2 b c (41)
and the components of the velocities of the outgoing particles are
cfBsin b’ cf(1+ cosd')
(Ue)e = 2 N (Ue)> = TR
Y(1 + f%cost) 1+ 3% cos
cfBsin @’ cB(1 — cosf')
z = ; 2= 42
(ta) v(1 — 5% cos®) (ua) 1 — pB2cost (42)
where
y=(1-p"""
In the reference frame K we then have, for momentum conservation,
M ()t + M(up)ty = M(ue)t. + M(ug)iy, (43)
and, for energy conservation,
E(ug) + E(up) = E(ue) + E(ug), (43")

in which only u;, = 0.
Consider a skimming collision (¢ — 0), then @, ~ i,, @y — 0. The x component of the
momentum conservation equation gives

cfsinf’
(14 B2cosb)

1 2cos®
= M) = (1520 ) Ml

0= Mue)- — M(ug)
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This relation is valid for every 6" and, in particular, for 8 — 0.
In the limit ¢ — 0, i, = ,, @y = 0, and therefore

M(u,) = Gf—gz) M(0).

From Eq. (41),

1 1 14

Ya = = = .
\/1—u3/02 \/1_[25}2 1—p?
1+52

Therefore,

M(ua) = ’VaM<O) = Yah,

and consequently

mu

V1—u?/c|

P =ymiu =

For 0 small, Eq. (43) gives
E(uq) + £(0) = E(ue) + E(uq).

Assuming that the factor v can be expanded in a binomial series,

e
Yl gt

we have

lim £(u) = £(0) + ~mu? = £(0) {1 +r

v—0 2

The kinetic energy is therefore

T(u) = E(u) — £(0) = me? [y(u) — 1] = mc? [\/1—%%/02 — ] = | T(u) = mc*(y — 1)
But also,
T(u) = /ﬁ dz = /%(’ymu) - dT = /md(fyu) Cfl—f :m/ouud(fyu).
Now,
diyu) d w2\ 2 B 1 5
du  du ( a g) (1 —u2/c?)3 7
Hence,

(44)

(50)
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Equivalently,
& m g m

dw?) ~ 2 T 21— w2/

Integrating, with z = 1 — u?/c%

v udu L N A c?
/0 (1= /)32~ 5/1 SRR T el

Therefore,

TTLC2

V1—u?/c? N

Thus, consistently with Eq. (50), £(0) = mc?, we have

mc2 .

E(u) — £(0) =

mc?

V1—u?/ |

E =~ymc® =

The momentum—energy four-vector is

P =mU = (mvye,myi) = (E,ﬁ) )

Cc

Its components are conserved in the same way in a collision:

energy: > (po) — 3 (po)] = Ao =0,

a b
momentum: Z(ﬁ); — Z(ﬁ){: = A, =0.
a b

The invariant modulus of this four-vector is

Consequently,

and hence

E = \/p*c? + m2c*|

Also, comparing Eq. (46) with Eq. (51),

so that

29

(48)

(51)

(52)

(54)

(55)

(53)
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Suppose a particle in K has momentum
p=pL+p)z.

There exists a reference frame K’ in which ph = 0.

Then I
ﬁ:ﬁj_:ﬁl7 72\/pf+m2025§2. (56)

If ¢ is the rapidity of the Lorentz transformation (K <« K'), then, in K (inverting Eq. (21)),
- . E
P, p = Qsinh ¢, ?:Qcoshg“. (57)

The quantity Q/c is called the transverse mass (associated with p, ).
If, in K', p, =0, then
P =0 (rest frame),

and
p = p = mesinh(, E = mc*cosh (. (58)

6. Mathematical properties of spacetime

In classical and quantum mechanics, three-dimensional rotations can be described as a group
of coordinate transformations that preserve the norm of the vector &, called SO(3). In special
relativity, Lorentz transformations of the four-dimensional coordinates (z°, ) preserve the
quantity

' = (2" = (¢)? — (2%) = (%)%, (59)
Therefore, the group of transformations that keeps s? invariant is the homogeneous Lorentz

group.
The group of transformations that preserves

sSP(z,y) = (2 —y°)? = (&' —y")? = (2" —y*)? = (° — )

is the inhomogeneous Lorentz group, or the Poincaré group.

The mathematical equations expressing the laws of nature must be covariant, that is,
invariant in form under transformations of the Lorentz group.

Consider a tensor analysis in a four-dimensional vector space: spacetime (continuum), defined
in a four-dimensional space with coordinates

20, 2t 2?2

The transformed coordinates

:L‘IO, :Ell, :EIQ, {E/?’

are obtained by a well-defined rule:

0

7' = 22" 2t 2% 2%, (a=0,1,2,3). (60)
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A tensor of class k associated with the point in spacetime x is defined by its properties under
the transformation x — .
A scalar (tensor of k = 0) is simply an invariant quantity:

82

is a Lorentz scalar.

Vectors (tensors of k = 1), with four components, are divided into

and

Aa — (AO,Al,AQ,A3),

contravariant,

Ba = (Bo, Bla BQ, B‘g), covariant.

The contravariant vectors transform according to

A/Ot

a

(%5

3

Z

/a

where summation over repeated indices is understood.

The covariant vectors transform according to

B, =

«

oxP
ox'e

oxP?

= ox'™ Bs,
5=0

where summation over repeated indices is understood.

The partial derivatives are obtained from the inverse transformation of Eq. (60).

Tensors of rank 2 (k = 2) consist of 16 quantities (components):

e contravariant (F'*7):

e covariant (Gap):

e mixed (H%):

F/aﬁ

!/

aBf —

ox'™ Ox'P 0" s
Oz O’ ’

ozx" Ox?
Do 9B 1%

ox'® 9z

o __

5=

D 0a'P

The scalar (invariant) product of two vectors is defined by

It is invariant:

BAe =2 p
“ ol B oa

oz’ pa'T

A7

B-A= B,A“.

oxP

- ox”

BgA" = 0" BgA” = BgA” = B - A.

(61)

(63)

(64)

(65)

(66)
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In differential form, the infinitesimal interval that defines the geometry of space is
ds® = (dz")? — (do*)? — (do*)? — (dz®)>
The metric is a special case of the differential line element:
ds?® = Jap dzda?,

where
Jop = 9Ba

is the metric tensor.
For flat spacetime of special relativity, ¢g is diagonal:

goo = 1, g11 = ga2 = g3z = — L.
The contravariant metric tensor is obtained from g,g, and for flat spacetime
gaﬂ = GJap-

Note that the contraction gives
Jop gﬁv =0,
Now, Egs. (66) and (68) give

ds® = gus drde® = duydx®,

and therefore

To = gagxﬁ.

The inverse relation is
Generalizing to k > 2,

From Eq. (69), we have

Therefore, the scalar product is
B-A=B,A*=B,A’~ B - A

Consider now the operators

o 094" 0 g  0r' 0
ox'™ — Ox'™ 0P’ 0xf — OxP Ox'™’
From Egs. (62) and (61),
B la
B Ox e — Ox AP

= B
o Pylah oxP

Chap.11
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e 0 [0 = 0 [0 =
0 :Gxa_<8x0’_v)’ 8a:8:ca_(8:c0’v>'

The four-divergence of the four-vector A is invariant:

0AY -
0%Ay = 0, A= —+4 V-
0x0
An analogous expression occurs in the Lorenz-gauge condition.
The d’Alembertian is the contraction

Thus,

B

o 9
D:@aa :W—V y

which is the operator appearing in the wave equation in vacuum:

[Ov =0}

7. Matrix representation of Lorentz transformations

(Generators and infinitesimal transformations)

Consider the group of Lorentz transformations. The components of a contravariant
four-vector can be written in the form of a column vector:

A scalar product between two four-vectors is defined by
(a,b) = ab,

where a denotes the transpose of a.
The metric tensor g,s is represented by the 4 x 4 matrix

1 0 0 0
10 =1 0 0
9=1o o -1 o |’
0 0 0 -1
with
g =1
where [ is the 4 x 4 identity matrix.
The covariant vector is therefore
2 Zo
1
= —X _ T
g —22 | 7 | 29

—X ZT3

33

(76)

(77)

(79)

(81)

(82)
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In this notation, the scalar product of two four-vectors is defined by
a-b=(a,gb) = (ga,b) =agb.
Consider a group of linear coordinate transformations,
1 = Az,
which preserve the norm:
-2 = (2, g2") = i g2) = Fgx = (v, 92) = x - x.
Substituting Eq. (84),

- a = (Ax, gAx) =
= 'AgAx = igx,

and therefore }
AgA =g.

Taking the determinant and using (86),

det(AgA) = det g (det A)? = det g.

Since
detg=—1#0,

we obtain
det A = £1.

There are two classes of transformations:

1. proper Lorentz transformations:
det A = +1;

2. improper Lorentz transformations:

det A = £1.

The proper transformations contain the identity I and therefore form a group.
Improper transformations may have two signs, for example:

spatial inversion: A=g — detA=-1,

and

space-time inversion: A=—-1 = detA=+1.

Chap.11

(83)

(84)

Since A and g are 4 x 4 matrices, Eq. (86) represents 42 = 16 equations, but only 10 are

linearly independent. Hence, there are 6 free parameters.
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The Lorentz group is therefore a group with six parameters:
1. three parameters specifying the relative orientation of the coordinate axes (Euler
angles);
2. three parameters specifying the relative velocity of the two inertial systems (the

components of /).

For each set of six parameters A describing a proper Lorentz transformation, there is an
inverse transformation. We consider only the proper transformations from now on.
We make the ansatz

A=el, (87)

where L is a 4 X 4 matrix, and

Suppose that there is a similarity transformation, which does not alter the determinant, such
that
L=SDS!,

where D is diagonal. Then
det L = det(SDS™') = det S det D det S™! = det D.

Thus, it is possible to diagonalize L.
Let the eigenvalues of D be on the diagonal:

N O - 0
0 Xy -+ 0
0 0 Ay
Then
=\ DF¥ 1
D _ L L2 _
e’ =% = =1+D+ D%+ =
k=0
e’ 0 0
0 e 0
0 0 eM
Therefore,
dete? = eMer? ... = Mot = T' D
Hence,
det A = detel = eTF = +1.
For real L,

det A =—1
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is excluded, and if
Tr L =0,

then
det A = +1,

as required for proper Lorentz transformations.
Thus, L is real and
Tr L =0.

Now, from Eq. (86), . -
g(AgA)zér1 =ggA! = gAg=A"" (88)

Using the definition (87),

and ) i i )
gflg — 9Ly _ 692L P § - 6L7
so that )
gLg=—L. (89
Hence ) 3 ) ) . .
9(gLg) = —gL = ¢°Lg=1Lg=Lg=Lg= Lg=—gL (897)

It follows that the matrix gL must be traceless and antisymmetric.
The matrix L can therefore be written in the general form

0 Llor  loo Los
by 0 Uiy i3

L= 90
loo —lia 0 Ly (90)
los —liz —la3 O
The six fundamental generators of the group are the three generators of rotations in R3,
S1, 59,53, and the three generators of boosts, K1, Ko, K3.
They may be represented by
000 O 0O 0 00 00 0 O
000 O 0 0 01 00 -1 0 ,
Si=1o 00 —1] 2=10 0 0 0] =101 0 ol (91)
001 0 0 -1 0 0 00 0 O
and
0100 0010 0001
1 000 0000 00 00 .,
Ki=109 00 0l Ka=11 00 0l Ks=109 00 0 (917)
0 00O 00 00 1 0 00
The matrices S; generate rotations in space, whereas the matrices K; generate boosts.
The squares of the generator matrices are
00 0 O 0O 0 0 O 0O 0 0 o0
> |00 0 0 > |0 =10 0 > |0 =1 0 0 ,
5= 00 -1 0]’ S5 = O 0 0 0]}’ S5 = 0o 0 -1 0}’ (927)
00 0 -1 0O 0 0 -1 0O 0 0 o0
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and

K} = K3 = (927)

o O O
o O = O
o O OO
o O OO
S O O
o O OO
O = OO
o O OO
i
Il
S O O =
o O OO
o O OO
_— o O O

It follows that

(2

where the first relation holds in the corresponding nontrivial spatial subspace and the second
in the corresponding time-space subspace. The first suggests that they are pure complex
numbers and the second that they are pure real numbers.

Thus, for a vector in the corresponding subspace,

—

(6 -S)P=—-¢-S, (6 K)P=¢- K.

The matrices in Eq. (91) form a representation of the infinitesimal generators of the Lorentz
group. They satisfy the commutation relations

[Si, S;] = €ijx Sk,
[Sz‘, Kj] = Eijchka
[Ki, KJ] = —eiijk. (99)

These relations specify the algebraic structure of the Lorentz group in SL(2,C) or O(3,1).
Let us now consider the decomposition of L:

— —

L=-&-J-C K,  A=e@/ <K (93)

The components of & and 5 are the six parameters of the transformation.
Consider the case & = 0 and ¢ = (é; = (2

L=—CK, = —CKx.

Then
2 3

A:eL:efgfﬁ:[_CKI_FEK%_EK:E_F

and therefore, by (92):

S ¢
A=(-K}) - K (<+—+--~)+K§(1+—+---)

3! 2! (94)
= (I — K?) — K, sinh ¢ + K?cosh (.
Or, in matrix form,
cosh( —sinh¢ 0 0
— sinh cosh 0 0
A= | TImhe come 90 (95 = 21)
0 0 0 1
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In the case ( =0, & = wes. We have, similarly,

0 0
cosw  slnw
—sinw cosw

0 0

o O O
_ o O O

or a rotation around Z in the clockwise direction.
For a boost in an arbitrary direction, without rotation:

A= e*ZR.
From
f=tanh( = (= tanh™! B,
or o
¢ = Btanh™' §,
we obtain

A(B) = e PR 8

We leave it as an exercise to show that

gl =76 — 52
) —B1 1+ (v — 1)% (v — 1)/8;3?2
Aboost(B) = By (y— 1>5;fz L4 (y— 1)5_22
B3 (v — 1)5253 (v — 1)6253

which is, according to the explicit form,

and

9. Invariance of electric charge; covariance of

electromagnetism

Covariance of Maxwell’s equations implies transformations of p, f, E , and B.

Consider the Lorentz force:

dp . @xB

—=q(F )

dt a < * c >
We have already seen that p’ transforms as a four-vector,

p* = (%, p) = m(U°,U),
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where

E dz®
0o_ — a __ T —
=2 =T e, (56)
with @t
dr = —. 57
> (57)
Therefore,
& _ dpir _ 1dp
dt  drdt ~dr
. UxB
:€<E+“X ) (58)
¥ c
and hence .
—p:g<UOE+U‘x§>. (125)
dr ¢

For the spatial part and the temporal part, we have

& 1d_1d(B)

= = 59
dt ydr vy dr (59)
where F is the relativistic energy. Its rate of change is
dE - — — —
—:/J-Ed3x:/pﬁ-Ed3x:qﬁ~E. (60)
dt v 1%
For a uniform current flux through the volume V,
dp® 1 . = q= =
— = —qi-E=2U-E. (126)
dr e c

Thus, if dp®/dr forms a four-vector, the right-hand side of Eq. (125), together with Eq. (126),
must also form a four-vector.

Electric charge is invariant under Lorentz transformations (scalar Lorentz invariant), and J*
is a four-vector. The temporal component of Eq. (126) is

E i = F"Us. (61)

For simplicity, consider Maxwell’s equations in vacuum.
From the continuity equation,

dp R
- .J=0. 12
2 T V-J=0 (127)
Using Egs. (76) and (77),
o aAO = 1 0 0 =
0aA —@—f—VA, 3a—@—(@,v>. (62)

We then define
J* = (cp, ), (128)
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and the continuity equation becomes
O0pJ* = 0.

The charge is invariant under Lorentz transformations:

q:/pd%:/p/d?’x'.

The four-dimensional differential volume is invariant,

a(x/O’ x/l’ l’/2, .1,"3)

d4 I _
. (2%, xt, 22, 23)

d*r = d*z,

and therefore
pdPx = p d®a’
for the total charge.
In SI units, the equations for the potentials in the Lorenz gauge are

1 924 -
20r VZA = to,
and
1 9%¢ 2 P
aor Y 0Ty
Since
ac = HoC,s
we may write )
ST 2g0) = o

ot?

Thus, ¢/c and A form a four-vector:

such that the four-dimensional wave equation and the Lorenz condition become

OA® = ﬁﬁﬁﬁAO‘ = ILLoJa,
0, A% = 0.

Expressing the fields in terms of the potentials,

. . 0A LS
E=-V¢— — B = A
Vo BT V x
Since
¢ = cA,
we have, for example,
d(cA%)  0A,
Jo— _
’ ox ot

— (94" — 9°AY)

Chap.11
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(63)

(130)

(66)

(131)

(132)

(133)

(134)

(135)
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and

04, 04, _ _ (92A% — 97 4%). (67)

Oy 0z

[0} a =
7= (@’—V)’

the six components (E , ]§) transform as the components of a second-rank antisymmetric
tensor, the electromagnetic field tensor:

Since

FoP = 9°AP — 9P A, (136)
Explicitly,
0 —-E,/c —E,/Jc —E,/c
E./c 0 —B B
af __ x z Y
= E,/c B, 0 —-B, (137)
E./c —B, B, 0

The tensor with both indices covariant is

0 E,Jc E,Jc E.Jc
—FE,/c 0 —-B B
b x z Y
Faﬁ gavgﬂéF = y/C Bz 0 Bx . (138>

~E.Jc =B, B, 0

The dual tensor is obtained by the replacement

E—>§, B — —

5 E
c Y

and is given by

0 -8B, -B, —-B,

B, 0 E./¢c —E,/c

- 1
af _ Z aBys —
FP = e B, —E.Jc 0  E,/c (140)
B, E,/Jc —E.,/c 0
The four-index Levi-Civita tensor is defined by
+1, for an even permutation of (0,1,2,3),
€% = ¢ _1, for an odd permutation, (139)
0, if any two indices are equal.
Maxwell’s equations are
L o e . 10E -
V-E=~— VXB——=— = . 68

They can be written covariantly as
OuFP = 11y J". (141)
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For 5 =0,

ol _
OB = 020 + oxl! * 0x? ox3

=V E/c=pyJ".

For the spatial components, 5 = 1,

aaFai — aOFOi + a]FJZ
1 0E;

- V % B).
024 at + (V X )’L
= ,LL[)JZ.
The two homogeneous Maxwell equations,
Y X + at Y
become B
D FP = 0.

For the dual tensor,

8aﬁ°‘0:813i:§~§:(),

ﬁxﬁ%—a—B

0o =
ot

= 0.

i

In terms of F*% this can also be written as the Bianchi identity
O“FPT 4 9P Fre + 97 FP = (.

The Lorentz-force equation is
dp® au® ¢
£ = = LpeBy
dr " dr c &
which is the covariant form of Eqgs. (125) and (126).
For the macroscopic equations, introduce

G% = G**(D, H),
in analogy with o
F% = F%(E, B),

that is,
1

E—»D, B-oH, c¢— .
NG

Then, N
0aGP = pJ?, 0aG*? = 0.

8F00 8F10 aFZO 3F30
+

Chap.11

(69)

(71)

(142)

(143)

(144)

(145)



Chapter 12 — Relativistic Particle
Dynamics and Electromagnetic Fields

1. Lagrangian and Hamiltonian of a Relativistic Charged
Particle in an External Electromagnetic Field

a) Equations of motion

The equations of motion may be written as

%:[m_g] Z_f:E (1)
They can be written in covariant form as
B~ Lo, ©)
where m is the mass, 7 is the proper time, and
u = (ye,yi) = & (74)
m

is the four-velocity of the particle.

Lagrangian formulation. The system is described by the generalized coordinates ¢(t) and
the generalized velocities () through the Lagrangian function

L= L(q(t),4(t),1).

The principle of minimum action states that the action

to
A= [ L. q0. 0 d (3)
t1
is an extremum. Thus, dA = 0, and one obtains the Euler-Lagrange equations
d (0L oL
(o) -5 =0 @)
dt \ 0q Jq

which are equivalent to Newton’s laws.

43
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b) Elementary treatment of the relativistic Lagrangian

The integral of the action must be a scalar Lorentz invariant, so that A = 0 in all inertial
reference frames. Substituting ¢t — v,

A:/ Ldr, (5)

since dt = vy dr.

If )A = 0 is invariant, A is a scalar invariant. Since dr is invariant, £ must be a Lorentz
scalar invariant, and consequently £ is a scalar invariant.

A free particle (with no external fields) has constant four-velocity. The simplest invariant
function is

uu® = ¢, (75)
and we may choose the Lagrangian
w2
Liee = —mc*y /1 — = (6)
Then
oL oL mu 9 u

and, from Eq. (4),

d

which is Newton’s law for a free particle in relativistic form.
Let a particle be immersed in a scalar potential ®. The potential energy is

V =ed.
In the nonrelativistic limit,
L=T-V = Lij=—ed, v <L c. (7)

We want to find the scalar invariant of the four-potential that reduces to —e® in the
nonrelativistic limit. Since ® is the temporal part of

—,

A% = (D, A),

we can construct the scalar u,A®. Therefore, the simplest form of the interaction Lagrangian
is . . . B . .
Ling = ——uq A® = __(’}/C, ’}/U)((I), A) =—ed+ -u- A (8)
c c c

2 End
L=-m\/1— %+ @ A—cd. 9)
2 ¢

The canonical momentum P conjugate to the coordinate Z is obtained from

oL e
P=——= -+ — A, 1
(3 8uz ,‘)/mul c (2 ( 0)

Combining Egs. (6) and (8),
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or, in vector notation,

—

P=p+A, (11)
C

where p'= ymu is the relativistic momentum of the particle.
The Hamiltonian is a function H = H (7, ]3), if it is independent explicitly of time, it is a
constant. It is defined by

H=P i-L. (12)

From Eq. (11),

and therefore

. P—¢A cP —cA c(cP — eA)
U= = . (13)
my \/(cP —eA)2 +m2ct/c \/(CP —eA)? + m2ct
Consequently,
H=P-i-1L
— — . 2 ~
_ cP - (cP —eA) me o A4 ed
\/(CP —eA)? + m2ct " ¢
= \/(013 — eA)? + m2ct 4 ed. (14)
Notice that
H= \/(cﬁ — eA)? +m2ct +ed =W, (76)
so that
(W — e®)? — (cP — eA)* = (mc*)*. (15)
This is invariant and has the form of the scalar product
Ppa = (me)*. (16)

Therefore,

)= (g,ﬁ) _ (%(W—e@), P E/T) . (17)

Covariant treatment of the relativistic Lagrangian

Covariantly, substituting 2 and u® into the free-particle Lagrangian gives

Liree = —MCA/ Ug U, (18)

The action is therefore

A= —mc/ Vugu® dr, (19)

with the normalization condition
Uqu® = 2. (20)
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Hence p p o e
_(uaua) =0 > &ua + uai = 2uai =0.
dr T

The integrand of Eq. (19) can be written as

dz® dzP
Viuque dr = gw%% dr = \/ gap dx@daxP.

Introducing a monotonic parameter s = s(7), we obtain

52 dz® dzf
A= —mc/ gaﬁ%% ds,

where 2% = 2%(s) and s is a monotonically increasing function of 7. Thus,

- dz® db -
L(s) = —mcwga[g%%, A= /Lds.

The Euler-Lagrange equation is

d oL oL 0
ds \ O(dz®/ds) ore

For the free particle, the variational calculation gives

ol [ dx® /ds ]
ds | \/gu (dzt/ds)(dz” /ds)

Using the normalization condition u,u® = ¢, we may choose s = 7, so that

[ dd
ga’@dT dr

d?z

dr2

which is the equation of motion of a free particle.

and consequently

Chap.12

(20a)

For a charged particle in an external field, introduce the interaction term. The action becomes

ds.

52 [ dxedzP edx®
A = — o - Aa
/81 [mc 928705 ds * c ds (@)

Thus, the “quadrivector Lagrangian” is

~ [ dx*dzP edx®
L =— o - A,
[mc Gos ds ds + c ds (z)

The Euler-Lagrange equation gives

d dxz*/d d
e ol e ae] el
ds | me2y/(dzt/ds)(dz,/ds) /2~ mc ¢ ds

(23)

(25)
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or, choosing s = 7,
d*z® L€ dA*  edzgs
dr? ¢ dr cdr

m

Since

dA®  daP 0A*  dxP

= = 05 A”
dr dr 0xP dr 70

the equation of motion becomes

d*z* e dz
S = (974 9P A =2
e c ( ) dr
This is the equation of motion
du® e
e
i ¢

i.e. the relativistic Lorentz force.

Hamiltonian formulation. The canonical momentum is

Hence,

~ 1 ~
H=- <paua+L>,
2
one obtains |
H=— <pa - EAa> ( * — EA“) —mc?.
2m c c
The Hamilton equations then give
dxa_aﬁ_l(a eAO‘) dp* Gﬁ_e
dT_apa_mp c ’ dr 0Oz, mc

The second equation is the relativistic Lorentz force equation.

3. Motion in a Uniform and Static Magnetic Field

For B uniform and static, the equations of motion are

A &
at - "o T e dt

Thus, £ = const. = u = const. = r = const.. Then

di <q§> L
=uX =u X wp,

dt yme

9*AP = 0.

(pﬂ . %46) 97 AP

ixB, —=F-i=0.

47

(37)

(38)
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where . ~ .
B cB cB
gp= 12 _ 4 2:(1 : (39)
yme  ymc E
and wpg is the frequency of precession or gyration.
Let
B:Bég, ﬁIUHég—i—’ljJ_.
Then, from Eq. (38),
dii L qgeB . . dii |
— = (yest+uL) X —€3=u; Xwp=——.
0l ( |€3 J_) ol i B dt
Thus v is a constant of the motion. For the other components,
duq dug
— = wgu — = —WwpRU
dt BW2, dt BU1,
which combine to give
d2U1 d( ) 2
= —(wpug) = —wxu,.
ez dt PR B
A general solution is .
uy = upe P,
with ug a constant. Hence
duy : —iwpt ,
E = —lwpUpe = WRU2 — U = —U7.
Therefore,
U= U||é3 + Uo(él — iég)e_wBt. (40)
Since the velocity of rotation is uniform,
2ma
Ug = T = WaBa,
where a is the radius of gyration. Integrating, we obtain
Z(t) = Zo + uyt é3 + ta(éy — iéy)e P (41)

This is the equation of a helical trajectory of radius a and pitch angle

a = tan~! ﬂ
wpa

Since
qBa
U = wpa = s
ymc
we have
u k' qBa
2 ¢’
and, for the transverse momentum,
pL = gBa.
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Using
1kV=1.6x10""C,
we obtain
1kV/c=5.34 x 107 ® kgm/s,
and, since
3 x 108
_ 2 _
lkgus =187 x 10°eV/c = 16 % 10-19 eV/e,
we find B 3x 108eV/
q qBa X eV/c q
o :300(—)8 V/e.
bL="54 pwev 104102 SI e e) 4° /e

Therefore, if ¢ = e,
pL (MeV/c) =3 x 107* B(G) a(cm). (42)

5. Drift of Particles in a Static Non-Uniform Magnetic
Field

Let B vary slowly: .
dB over dx>a (radius of gyration).

First approximation: local treatment around B.
Let n be such that

VB =
at the point, with B
n-B=0.
Then, within the first-order approximation,
e 1 (0B
¥) = B(¥) ~ 1+—|(— ) n-7|. 47
wp(7) p— (%) wo[ +BO(8§)On x] (47)

Here £ is the coordinate in the direction 7.
The velocity is

—

T =0+ 7L,

with the motion locally helical. Let
v, = Ty + 1,

where @ L B and @, is a correction. From Eq. (47),

i
% ) (48)
Therefore,
A0, _dly B o ) OB\ .
— = — 4 — ~9 wo+v(N-Ty) =— | == w
dt — dr ' odt T 0T g e ), 0 ’

and, to first order,

dv, 1 /0B
R 2 d e d A . —_ . _ — . 49
U1 + U (n xO)BO((%)O]xwo (49)
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From Eq. (40), ‘
17(t) = U”ég —|— wBa(é1 — Z'ég)e_szt,
so that
?70 = _(.DO X (f{) —X)
From Eq. (41),
Lf(t) =X+ UHté;g + ia(él — ?Jéz)eiint,
and therefore ]
((DO X 770) . (50)

To—X =—
Wo

Here X is the center of the gyration of the unperturbed circular motion, i.e.,

X =0
in this case. Thus,
dvy 1 (0B
— U —— | =] o XxZo(n-& Jo- 51
i |:U1 Bo(aé,)OwOXl’o(n Io):| X Wy ( )
After eliminating the oscillatory term, ¢, has a non-zero mean value:
N = 1 aB = — A —
o = () = 3 (5. @ * (@ - o). 52
Assuming
N e = a’
(@)L (- Do) = —1a, (53)
we obtain > /98
a
U = — | — 54
el 230<a§>0(wo><n) (54)
Equivalently,
Vg _ _a (éxﬁ B) (55)
wga  2B2 =)
If .
— | < 1,
then

ve < wpa (the drift is much smaller than the orbital velocity).

The drift direction is illustrated schematically in the notes for a positive charge and for a
negative charge.
Now consider a curved magnetic field. Let the radius of curvature be

R > a.

The center of the spiral accompanies the curvature of B ; therefore, it has a centripetal
acceleration
2
Yl

R?
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which is equivalent to an effective electric force:
ebog = ym—. (56)

In addition to By, Eq. (43) gives the drift velocity

’ymv_ﬁﬁb X é@

UC:C?R R2B02 . (57)
Or,
vt (RxB
- [ X Do
= . 58
ve wBR< RB, (58)

The latter result can be obtained directly by solving the equation of motion for the Lorentz
force in cylindrical coordinates,

g = B(bqg = BO¢Z7
which gives
p—pd® =—wpi,  pop+2p0=0,  i=uwgp. (59)

For R > a, keeping only the lowest-order terms,

The first equation in (59) then gives

2
v
Il

CL)BR7

(60)

Z o~

which is the same as 9 in Eq. (58).
In a current-free region, we can combine Egs. (55) and (58):

V.B R

V x B = .
V x 0 = 3 72

EX _ﬁ v} (RxB
B R2J| 2wgR\ RB |’

The drifts g and v are parallel and therefore can be added directly. The total drift velocity

1S
. 1 5 U1 Rx B
= — ) 1

Substitution into Eq. (55) gives

. wga?
2

Vg =
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8. Lagrangian for the Electromagnetic Field

Lagrangian for the electromagnetic field in interaction with charge and current. A field in
general has infinitely many degrees of freedom.

i — x® k — ¢p(x)

Generalized coordinates:
qi — dr(z),
where each point x® corresponds to a set of variables ;.
Generalized velocities:
Gi — 0% ¢Pp(x).
Thus,

L= Ligwd) — [ £ o) d. (83)
The Euler-Lagrange equation becomes

d(oL\ _ 9L (9L \_ oL

Here L is the Lagrangian density.
The action integral is

A:/£d3xdt:/£d4x. (84)

If A and d*x are Lorentz invariants, then £ is invariant.
Requiring that the action be an extremum with respect to variations of the field,

0A

=0,

we obtain the Euler-Lagrange equation

, ac)_ac:
0 (a(a%k) oJu 0

From the quantities F*?, A%, and J* we construct the scalar

1

L=-—F,
167 *°

1

FoP— — ], A% (85)
c

The interaction term is consistent with Eq. (10):

Lii = —ed+—i-A

Ql®

Using Eqgs. (11) and (136),
PP =9 AP — 9P A,
and therefore .

L =
167

(0°AP — 9P A™) (0a A5 — 05A0) — %JQAO‘. (86)
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Calculating,
oL 1 1
o F=—Fh
DOAP) — ar P T o P (87)
Also,
oL 1
aAO‘ - _E o (88)
The equations of motion are therefore
1 1
—0°Fpo = ~Ja, 89
47 g c (89)

or 4
DpFo = g,
C

which are the covariant form of Maxwell’s equations.
The homogeneous equations are automatically satisfied:

* 1 afuv 1 appy
Do "7 = S0a€"™ By = 5006 (94, = 0,A,) = 0,

because the Levi-Civita tensor is antisymmetric while the second derivatives are symmetric.
The continuity equation follows from the divergence of Eq. (89):

1 1
0. 0:FP =29 J* —  9.J% =0.
4 o 5 c OéJ o 0 (90)

9. Proca Lagrangian: Effect of the Photon Mass

Add a mass term to Eq. (85):

Lo = o0 g qe L) g (91)
Proca — 167 af oy o c « )

where p is the inverse of the Compton wavelength of the photon:

_ My

The equation of motion is

4

D FP 4 12A = = e, (92)

c

Using
F=vo- 1% F_vxi
c Ot
and
FP = 9~AP — 9P A,

where

0z0’

0" = (i —6) . A = (9, A),
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the Lorenz condition is

> - 100
.A ——
v +08t

Calculating the first term of Eq. (92),

0 - 0, A% = 0.

D5 FP = 0 (9°A™ — 07 AP)
= 050°A* — 0°0, AP

= [JA“,
and hence
9 4m
A, + H Ay = —Jq (93)

In the static limit,

0A

0

ot ’

and therefore 4
V2A, — 12A, = — ..
1

For a point charge g at the origin, only the temporal component of the potential, Ag = P, is
nonzero, and it assumes the Yukawa form:

O(z) = Lerr. (94)

Now, if the photon has mass,
h2
E? = (hw)? = p* + m2c! = §<27T)2CQ +m2ct,

so that )
2
w? = <%C> + p2c? = wi + pct (95,96)
10. Canonical and Symmetric Stress Tensors; Conservation
Laws

a) Generalization of the Hamiltonian: canonical stress tensor

Defining the canonical variables of the momentum

. 0L
pl oy ) 99
a4, (99)
and the Hamiltonian
H = ZPiQi — L, (100)

if 0L/0t =0, then dH/dt = 0, and H is a constant of the motion.
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Now, the energy is the temporal component of the energy-momentum four-vector; we want
the Hamiltonian to be transformed in an identical manner, as:

H= /’Hd%—/’l-[@dx (78)

d*z = d*x da®,

Since

H transforms as the component (0,0) of a second-rank tensor.
Moreover, since

L= Lpr(x),0%0k(x)]
for the fields, we introduce, in analogy with Eq. (100),

H = Z oL %—c. (101)

Extending the time derivatives to 0,¢ gives the generalization of the Hamiltonian density,
with the canonical stress tensor:

85 —g*°L. 102

Z a a¢k (bk g ( )

In the absence of sources (J“ = 0), the Lagrangian density of the free electromagnetic field is
1

m = — 7= Fu . 103

Substituting A* for ¢, (with repeated indices understood),

oL
Taﬁ — 9 _J~em em agA . £em'
(0. A
Since .
- - [l g— _ WAV AV Al
Lom = T6m F,F T 7T(GMAV 0,A,)(0"A” — 0" AM),
we obtain
OLem A \ 1 \ \
— a _ S« Fw_ _— po VA Va
0(0aAY) 16 (920, = 926, o (9797 = 90"
and hence or . X
em a a\ o av R 5
(0.AY) 167T(F + P+ g**F) + g™ F) = LAY
Thus 1
T = ——F*0°A* — g*° L. (104)

AT
Using the electromagnetic tensor

0O E, E, E.

~E, 0 -B. B,

w=1_E, B, 0 —B,|
~E. =B, B, 0 . -B, B, 0
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we have

1 1
Low = ———F, F" = —(E?> — B?). 79
For the particular component 7%,
1 1 1 (5 104 1
T = — — Fn°A* - — (B> -B*)=—-—— | E--— | — —(E? - B?).
A~ 87T( ) 47 c Ot 87r( )
Since R
- - 10A
E=-Vo———
c Ot
we have ~
104 = =
———=FE4+V0
c Ot TVe
and therefore ) )
E*+B 1 - =
70 - 0 B Ve, (105)
8T 47
In a source-free region,
V-E=0 = V:-(E®)=F -V,
and in a localized region,
V- (E®)dPz = j[(Ecb) Ada =0
v s
Thus )
/ T By = — / (E* + BY) d*z = &gl (106)
1% 8m Jv
What about the other components of the stress tensor? Analogously,
™= — [(E x B); +V - (AZE)} , (105")
s
and
. 1 S o 1{ = = O(E - A)
TP = — [(Ex B); + - B)® —2——~ 1057
47T<X>+C(WX> amo) (105")

The tensor is not a symmetric tensor; its divergence in Eq. (105”) implies that also for T%,

. 1 _ _ )
/ Ty = — | (Ex B);d’r = Ply,. (106)
1% ar Jy

Equations (106’) represent a covariant generalization of Poynting’s theorem:
— 4+V-5=0. (80)

We will now show that
0T = 0. (107)
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Starting from Eq. (102),

traﬂ——jgje9 { o) aﬁ¢k}-aﬁ£

3 9L a9 :|_ 3
;{ ( a¢k>> ¥¢s+ 3(3a¢k)a O on| — L

Using the Euler-Lagrange equation,

; ( or )4_ or
“\0(Oatr)) Ot

we get
oL oL
0T = { 0" ¢y + 0“0” ] —-9°L=0.
Z Oy ¥ 9(Oar,) o
Therefore,
d(c:ﬁe]d dP, field
=0 =0. 108
dt ’ dt (108)
The densities of energy and momentum are
W= (B2 4+ B, §=-(ExB
8  dre .

b) The symmetric form of the stress tensor

The canonical stress tensor obtained above, T%%, is convenient, but has the disadvantage of
not being symmetric (see Eq. (105).) The question of symmetry arises when we analyze the
angular momentum of the field:

- 1 . - —
Lﬁeld:R/xX(EX

The covariant generalization of the angular-momentum density is a third-rank tensor:
MOPY = TPy — TP, (109)
Its conservation law states that the four-divergence vanishes:
Oa M7 = 0. (110)

But
oM = 8y, (T*P27 — T*2")
= (0,T)2Y + TP 01" — (05T ) 2" — T*10pa”
— TP _ B £ 0,

for the canonical stress tensor.
Furthermore, T%? depends on the potentials and is not invariant under gauge
transformations, and its trace is not zero.
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c) Conservation law in the presence of sources

Consider 1 1
8,78 = = (D FoH) Fﬁu — EFQ”@Y@BA#- (81)

Using Maxwell’s equation,
1 1
— 0o F = —J",
47 c

we obtain y |
Op TP + FPHZE — 8_F/w (auFﬁV + 0" FM 0*3F”“) =0,
c s
where the last equality follows from the antisymmetry of F),, and the homogeneous Maxwell
equation.
Thus,
1
0T = —=FPr],. (118)
c
The temporal component is
1 /0u = = 1. =
- =+V-S)=—J - F 119
c (815 * > c ’ (119)

which is Poynting’s theorem in the presence of sources.
The spatial component is

0S;iJc o= T 1 - -
— — | pE 4+ ~(J x B), 12
S-S G = o T B (120)
where B
J = (ep, J).

The four-vector in the second member of Eq. (108) is the density of Lorentz force:
6 . ]_ 504 ]_ = — — 1 =g —
ff=-F*% y=|-J-E,pE+-JxB|. (121)
c c c
Its integral gives the equation of motion of the particles:
i d 5
/f de = %Pparticles-
Thus,

o d
/de (aO‘T g + fﬂ) = % (Pﬁﬁeld + Pfarticles) = 07 (82)

which is the conservation of four-momentum for the system (field + particles).



Chapter 13 — Charged-Particle Collisions,
Energy Loss, and Scattering

1. Energy Transfer in a Coulomb Collision

Consider a fast charged particle passing near another charged particle. Heavy particles

(u, 7, K, p,...) are approximately described by rectilinear trajectories in the present
treatment, whereas electrons require special attention because of their comparatively large
deflections.

1. Energy transfer in a Coulomb collision

Consider a projectile of charge ¢ = 3e, mass M > m, and velocity v, incident on an electron
initially at rest. Let b be the impact parameter. We assume that the incident particle is fast,
v > v, so that the electron may be regarded as initially free during the collision. The
momentum transfer to the electron is predominantly transverse.
The electric field at the position of the electron due to the incident particle is

qut

_ B qb
Er = _(52 L2 U2t2)3/2’ By = (02 + y2 + 02t2>3/2' (1)

For the collision geometry considered here, the transverse impulse is

v

Ap = e/_:o By(t)dt = /_:O Bs(z) da. (83)

Using Gauss’s law for a cylindrical surface, the flux through the cylinder is 27b dx, and
therefore

/+OO Ey(z)dr = @ (84)

Consequently,

Hoo 2ge  2(3e)e  6e?

—00
The energy transferred to the electron is, in the nonrelativistic approximation for the electron,

_Ap2_232641
2m ma? b2

AE({) (2)

29
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For a small scattering angle, 0 < 1,

A 2 3e?
tan@:@:—p: c )
P mu2b

More generally, the Rutherford trajectory in polar coordinates satisfies

1 1. d
;:Esmgo—l-@(cosw—l), (86)
where
3e?
d=——+= 87
muv? /2 (87)

is the distance of closest approach for a head-on elastic collision.
For large distances,

sin ¢ = sin 6, cosp = —cos b, o+0=m, (88)

and, as r — o0,

1. d
Ozzsme—Q—bz(cosﬁqu). (89)
Thus,
cosf + 1 0 2b 2b
_ = t _= — = —_—
sin 6 9T 3e?/(mv?/2)’ (90)
or
6  3e?
tan — = . 4
My T (4)

For § < 1, p=mv and Z = 1, this is consistent with Eq. (3).
Now consider a head-on collision between the projectile of mass M and the electron.
Relativistic energy conservation gives

JAET M 4 m? = [T M+ K+ (91)

where K = E, — mc? is the kinetic energy acquired by the electron. Momentum conservation
gives

Di = DPf Tt Pe, (92)
and therefore
P} = D} + P — 2pipe cos b, (93)
The maximum energy transfer occurs for a head-on collision, 6 = 0, leading to

2mc?pic?

- .
<mc2 + /P + M2c4> — p2c?

Kmax =
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For M > m,
Knax = 2mc*(v* = 1) = 2m~*v®, (5)

Equating Eq. (2) to the maximum transferable energy gives

2 3%e?
W = 2m7202, (95)
and hence
3 2
bmin - ¢ (6>

ymu?’

Problem 13.1

For a collision with an electron initially at rest, the electron momentum components after the
collision are

P = musinb, pjj = mu(cosd — 1). (96)
Therefore,
p? = m*v*(1 — cos¥), (97)
and the transferred energy is

p? 7 , tan?(6/2)

AE = % = mv2(1 — COS 9) = 2mv2 Sin2 5 = 2mv HTZ(@/Z) (98)
Using Eq. (4),
[ 3e?
tan — = — 99
D ST (99)
so that
0 3e2 \? 1
gﬁ—:(GJ S (100)
2 mu (3e2/(mw?))” + b2
Using Eq. (6), in the nonrelativistic limit,
3e?
bmin 5 101
mu? (101)

and consequently

For b > byin, Eq. (7) reduces to Eq. (2).
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For sufficiently large b, the binding of the electron to the atom must be taken into account;
the electron is no longer effectively free. If the collision duration

At o D (102)

v

is comparable to the period of oscillation of the electron in its orbit,

\)

brmax T

~

(% w

T, (103)

in the reference frame of the incident particle of charge 3e. Thus,

2myv
brax = . 9
- )

The energy-loss curve therefore has a lower cutoff b,,;,, associated with the maximum
transferable energy, and an upper cutoff by,.y, associated with the finite binding/oscillation
time of the atomic electron.

Now suppose that the incident particle traverses a medium containing electrons with number
density NZ, where Z is the atomic number. The number of electrons with impact parameter
between b and b + db encountered over a distance dx is

dm = NZ 2xbdb dz. (10)

Hence,

dE
= QWNZ/AE(b)bdb. (11)

Using Eq. (2) and integrating between by, and bpax,

2 4 bmax
d—E ~ATNZ 5 / @
dz mv? J, b
32 4
~ 4rNZ > B, (12)
muv
where
brax  2myvmu?  2mymo?
B = ~ = 13-14
Drnin w  3e2 3ew ( )
This is the classical result of Bohr (1915).
2. Energy Transfer to a Harmonically Bound Charge
For Coulomb collisions,
b < bmax : energy transfer is given by Eq. (2), (104)
b > bnax :  adiabatic.
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Consider a heavy incident particle, M > m, with charge 3e and velocity v, passing at an
impact parameter b from an electron bound harmonically with natural frequency wy. We
assume

The electron is nonrelativistic.
The equation of motion for the harmonically bound charge is

%4 Tx + wlx = ——E(1). (15)
m

We use the Fourier convention

+o00
x(t) = \/% / x(w)e ™" do, (16)
1 e —iwt
E(t)ZE/w B (w)e—“! duw. (17)

The inverse transforms are

1 e wt _ L e eiwt
x(w) = E/w x(t)e™" dt, E(w) = \/ﬁ/oo E(t)e™" dt. (106)
Since x(t) and E(t) are real,
x(—w) = x"(w), E(—w) = E*(w). (18)

Substitution into Eq. (15), using

x(t) — —iwx(w), X(t) — —w’x(w), (107)
gives .
—w?x(w) — iwl'x(w) + wix(w) = _EE(M)’ (108)
and hence -
x(w) = —& ) (19)

mwg —iwl — w?’

The work done by the incident particle on the bound charge is

P:%: -Ccll—);:F-v. (109)
Using
P:/dgx’F-v:/de’p(E+v>;B) Y
:/d?’x’E-pv:/de’E-J, (110)
we obtain

+o0
AE:/ dt/d?’a:'E.J. (21)
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The current density of the electron is

J=—exd[x' —x(t)]. (111)
Therefore,
+oo
AE——e/ dtE - v, vV =x. (22)

Inserting the Fourier representations of x(t) and E(t), and using the reality relations (18), one

obtains
+oo +00 1 400 o
AFE = 6/ dw/ dw iwx(w) - E* (W) {2—/ el Wt dt}
—00 —00 ™

—00

= e/ Oodw iwx(w) - E(w). (112)

o0

Separating the positive- and negative-frequency parts,

0 400
/ dwiwx(w) - E*(w) = / dw iw x* (w) - E(w)
—o0 0
+oo
= / dw [iwx(w) - E*(w)]". (113)
0
Since z* + z = 2 Re z, it follows that

AE = 2e Re /0+°° iwx(w) - BY(w) dw. (23)

Substituting Eq. (19),

2 400 2
AFE = —26— Re/ 1w [E(w)] dw
0 w

m 2

2 +o00 ; 2 _ .2 _ T
:—2€—Re/ ()Pl —w —wl)
0

m (Wi — w?)? + w?l?
62 +oo 2w2r
- E(w)|? dw. 24
s P e (24

The energy transfer is therefore concentrated around the natural frequency w ~ wy, with a
Lorentzian line shape.
Approximating the electric field by its value at the natural frequency, E(w) ~ E(wy), gives

2¢? oo W2l dw
AE ~ —]E(wo)\2/ i
m o (w

5 — w2)2 + w212

2¢? , [t r?dx
= o | oI — P 11 29)

where

(114)

xr =

w
T
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For a narrow Lorentzian,

_ 1 /2 T ) d —
@) = a1 T2 /_OO L(z)dx =1, (115)

and therefore

<1 (/2 -
/—oo 7 [(y — yo)? + (T/2)?] dy =1 (116)

Thus the energy transfer becomes
AE = — |E(w)|*. 26

We now calculate [E(wp)|*.
For the geometry shown in the notes, the transverse component of the electric field is

_ 3eby [T et dt

B = L e 0
With .
x =1 (117)
b
this becomes ,
s ( ) B 3e /+oo ezwbx/(fyv) J (28>
2lW) = —27Tb’l) n (1+$2)3/2 Z.

The integral is a modified Bessel function of the second kind of order one:
3e [2 |wb wb
E =—\/=-|—K|—)]. 29
2(2) bv\/;{vv 1 (vv)} 29)

Fi(w) = —i2%, )2 [WbKO (“b)] . (30)

vV [y "\
Consequently, the energy transfer to the harmonically bound charge is

Similarly,

2.4
a0 =220 oo + Lerie). (31)
where ; ;
_ wod _

The factor in square brackets has the limiting behaviors

1, (K1 or b<byay,

=1 (%)
<1 + _2> Tee™ €31 or b>> byae
V2 ) 2

Thus the energy transfer approaches the result for a free electron for b < by, whereas it is
exponentially suppressed for b > by, corresponding to the adiabatic regime.
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3. Classical and Quantum Formulas for Energy Loss

Chap.13

Suppose N atoms per unit volume, with Z electrons per atom, and let the jth electron have

frequency w;. Then
> fi=2
J

where f; is the oscillator-strength constant of the jth oscillator. Thus,

dE o
= ZWNZZ 1 / AE;(b)bdb

min

_ 47?]\7:5}232 ¢! S5, /°° [SQK%(Q N 6%?(5)} bdb

‘ b2 ~252
4rNZ 3%t R I e, d§
:Tz.fj K1 (&) + 5 Kq(¢) ra
j &-min /y
Remembering the formulas for the derivatives of the modified Bessel functions,
! v !/ v
K (z) = —K,1(z) — EKV(I)a K (z) = —Kyq1(x) + EKV(x)7
we have
d ! !
_3;' [.Z'K()Kﬂ = K()Kl +x (KOKl + K()Kl)
1
= KoK, + [—Kf + Ky (—KO - —Kl)}
x
= —z (K + K7) ,
and

d dK dK,
o [#* (K} = K§)] = 20(K} — K§) + (2[(1(1—361 = 2K0d—m°)

K

= 22(K? — K3) + o* {21{1 <—K — —1) — 2K, (—Kl)}
xZ

= —27K;.

Therefore, the integral is

* §
2 P
/g {sKl ©+5

o0

3| de = | ekt - 502 - 13

gmin

2

= Enin Ko (Emin) K1 (Emin) — 222 [ 2(Emin) — Kg(fmin)} )

27?
For particular relativistic particles,

bmm
Emin = <1077,
’}/U

(118)

(34)

(119)

(120)

(121)

(122)

(35)

(123)

(124)
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For £ < 1,

Ki(6) ~ Ko(€) ~ In <%> . (125)

| =

Thus the integral becomes

1.123 1 1.123
~In — 1—5;1111112( )}
( fmin ) 272 |: gmin
1.12 1
f:ln( 3) S— (126)

Emin 27?
Hence, - ,
e [ (42) 2
J
Define the mean frequency by
() = 237 gn% (38)

Then

Y filn (wﬁ) =3 filna-Y finw,
=Zlna— Zn{w)

— ZIn <<z—>) . (127)

We obtain the classical Bohr formula (1915):

dE  4AnNZ 3%¢* v?
P — {m B. - 2_} ’ (36)

where 1.123 1.123 v?ma?
L1234 1123y mw (37)

20w 3e2{w)

This is a good approximation for heavy particles (Za < 1) and for a large number of
collisions.

For the quantum correction, first note that, by simplicity, the maximum energy transfer may
be approximated as

1 vo\ 4 (Awp)?
AB(bna) > 5 3 (;) ( IH) , (39)
where " 2 )
vozm—aoz(%)c:ac:ﬁ (128)
is the orbital velocity of an electron in the fundamental state, and
me?
Iy = — =13.6eV (129)

2h2
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is the ionization potential of hydrogen.
For the corresponding harmonic oscillator,

m(ke?)?

Iy = ——— 1
H 2h2 (130)
and
m(woag)? h? heoo
I = = = . 131
g 2 2ma? 2 (131)
Thus, for v > vy,
AFE < Iy. (132)

After many collisions, the quantum fluctuation satisfies 0, < 1, and the classical formula
can be used.
The uncertainty principle gives

h
Ar 2 — =  bpym~Ax 2> —, 133
v2 5 v2 5 (133
and hence 5
blin)? = . 40
We choose the larger of b¢,,, Eq. (6), and bZ. , Eq. (40). Their ratio is
be . 3e2 ymv  3e?
min _ = = 42
bl . ymv? h h (42)
The classical formula applies for n > 1, i.e., 3¢2 > hv, or v < 1 in the corresponding
natural-unit notation.
For n < 1, we modify the logarithm:
bimax v2mau?
B, = =nB ~ 43
! bgnin K h<w> ( )
We then obtain the Bethe formula (1930):
dE, AnNZ 3%! 2v*mu? v?
= 1 - = 44
dx muv? " h{w) c? (44)

For electrons incident on electrons, the calculation of the momentum in the
center-of-momentum frame gives

h 2
= e\ -1 (4)
v

o v—1 mc? N V32 me?
Be = (v = 1)/ — ) = Vahio) (45)

(0

min

Modifying the logarithm,
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In the case of nonrelativistic collisions (AE < F ~ 10keV),

b (B) = 2 = 3¢ (134)
ymv?  ymovV2me2E’
and therefore
B,(B) = ¥ S V2meE (49)
h{w)
It is worth noting that
b () = 1 = (135)

N A_P B VomelE

The expressions for dE/dx obtained so far represent the mean energy loss per unit path in the
medium. The quadratic mean fluctuation of the energy loss is

dE2 bmax
W oeNz / (AE(®)2bdb
dx bmin
ArNZ 2.4 2
_ W—S’e {72m2v4 (1 _ ﬁ_ﬂ 7 b < b (50)
muv 2
The energy distribution is then given by a Gaussian:
1 (E— E)?
.P(_E’(),EY7 l’) == ﬁ exp [—T} s (52)
where B
P =a—— 136
E} is the initial energy and E is the mean final energy.
This holds for
Q> AEax ~ 27*mc?. (137)

For highly relativistic particles, the Gaussian is replaced by the Landau distribution.

4. Effect of Density on Energy Loss in Collisions

Consider the effect of the medium density on the energy loss. The collision with the atomic
electrons is affected by the electric field of the medium itself. For an isotropic dielectric, the
constitutive relation is

D(x,w) = e(w)E(x,w). (138)
We use the following Fourier-transform conventions:
1 oo - 1 oo :
F(x,t) = E/o@ dw F(x,w)e ™" F(x,w) = E/w dt F(x,t)e™", (139)
1 1

F(x,w) =

/d3k F(k,w)e™™, F(k,w)= /d?’x F(x,w)e ®x, (140)

(V2m)?

Combining them,

(V2m)?

F(x,t) = / &k / dw F(k, w)e!dx—, (53)

—~~
DN
N | =
SN—
N
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Then
V x F(x,t) =ik x F(x,1), 0 F(x,t) = —iwF(x,t). (141)
Using
V -D =4np, D =c¢E, (142)
we have
10A
E=V. |-V -
\Y \Y ( Vo Y )
10 Amp
— V2 — - (V-A)= L 143
Vi (v.a) =T (143
Furthermore,
pe OE
B - Lttt
V x pnd + o
. pe_0¢p  psd*A

_ My pEGO9  pEd"A 144
cJ cvﬁt c2 0t? (144)

In the Lorenz gauge,

pe O
V- A+——=0 145
and therefore
9 pe 0% Admp , w? 4dmp
- = k* — — = — 146
v ¢ Ot? c 2 He ¢ e’ (146)
A 4 2 4
vea o HEOA Any (el APy (147)
2 Ot? c c? c
For a dielectric, with u = 1, the equations in Fourier space are
w? 4dmp(k, w)
- k il i s
= Lot o) = LS,
w? 47
{lf - —25(w)} Ak,w) = —J(k,w). (54)
c c
These are the wave equations in Fourier space.
The only source is the incident particle:
p(x,t) = 3ed(x — vt), J(x,t) = vp(x,t). (55)
Their Fourier transforms are
1 )
pk,w) = 2P /d% dt e~ x=D3¢ §(x — vt)
3e : 3e
_ = —i(k-v—w)t _ = — k- 56
o dte 27T(5(w V), (56)

1 )
J(k,w) = 22 / B dt e XDy 3¢ §(x — vit)

= vp(k,w). (567)
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Thus the Fourier transforms of the potentials are

23ed(w—k-v)

k. w) —
) = 0w — )/ o
A v3ed(w—k-v) e(w)
Ak,w)=— = k,w). 148
Since
10A
E=-V¢p—— B = A 14
Vo, Vx A, (119
we obtain
E(k,w) = i [”i(;")v - k] ok, w), (58)
k
B(k,w) = ik x A(k,w) = ic(w) Y ¢(k, w). (58")
We calculate the electric field at a distance b perpendicular to the trajectory of the same
particle moving in the z direction:
E(w) = PrE(k,w)e™P.
@) = o | Bl (59)
Let
E=F (w)x+ Ey(w)y. (150)
Using Eqgs. (57) and (58), we find
21 3e on |we(W)v — kic?] d(w — vky)
B _ d3k' ikab .
1(w) e(w) (2732 / € [ 2 ] k2 — w2e(w)/c? (60)
Integrating over ky,
k S CO T B 2
w—vk) = 1= = 1—5525(1—55), (151)
where 8 = v/c. Hence
21 3ew 1 oo , too dk
Bi(w) = — — 3 dk l’f?b/ — 61
1) (27)3/202 L(w) b } /Oo 2¢ oo K3 K+ N2 (61)
Using
T dy T
- = 152
/OO 2+a2  a’ (152)
we obtain
13ew 1 too pikab
Ei(w)=———— ——2/ ——dks. 62
1( ) /_271"(}2 |:€<W) 6:| e /—)\2+k% 2 ( )
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Introducing the modified Bessel function K,

2”F(V—|—1/2)/°° cos(zx)
o (

Rolz) = —7 Tt a2

€L,

with v = 0, we have

* cos(zx)

Ky(z) = dx.

olz) 0o V14 a2
Therefore,

Bew (2 2r
Analogously,

3¢ 2\ A
E. =— |- —— K (M
2((")) v (7’(‘) E(OJ) 1( )a

and

Bs(w) = e(w)BE3(w).

Chap.13

(153)

(154)

(63)

(64)

(155)

In the limit (w) — 1, these expressions tend to the vacuum results obtained previously.

From Eq. (34),
1 e—1
P=—(D-E
47r( )= 4m

P= —NGijXj,
J

E,

and

where N is the number of atoms per unit volume and f; is the fraction of atoms with

amplitude z; of the displacement. Thus,
b) = Qerj Re /000 wzj(w)E* (w) dw.
J
Using the dielectric term,
AE(b) = — Re/ —iwe(w) |B(w)]? dw.

2N

Therefore, for collisions with b > a,

E o
(d—) 9N / AE(B)bdb.
dx b>a a

S = 47T(E xB)-r

In the geometry,

and the radial component is
c
Sr — ——ElBg.
4

Integrating over the cylindrical surface and over time,

dE c +eo R

o0

(156)

(157)

(158)

(159)

(160)

(161)

(162)
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Consequently,
dE ch [T
) I Bs(t)E
(dx) - dt Bs(t)Eq ()
cb / / —i(wtw’)t
=3 dw dw' B3(w'") By (w)e
b
- —% dw By(—w) B (w)
b [t
- —% dw By (w) B2 (w)
= —cb Re/ dw F(w) B3 (w).
0
Equivalently,

S = iRe[E x B"].
Substituting £ (w) and Bj(w),
dx

™ (%

e(w)

Now consider the case of complex £(w). The polarization is given by
D(x,w) = E(x,w) + 47P(x,w),

with, in the linear approximation,

ne? E(w)
m wi —w? —iwl’

P(w) =

where n is the electronic density. The corresponding dielectric constant is

2
w
e(w)=1+ P ____
() wg — w? — Wl
where
4dmne?
Wy =
P m
is the plasma frequency.
If f; is the fraction of atoms with frequency wj,
47TN€2 f]

e(w)=1+

m — w? — w2 — Wl
7Y

2 00
(dE ) _2 (%) Re / iw AzKl(Ab)Ko()\b)l_—ﬁZ dw.
b>a 0
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(163)

(164)

(67)

(165)

(166)

(167)

(168)

(69)

The expressions are complicated to integrate directly. For the ultrarelativistic case (8 ~ 1),

and for optical frequencies (where they are important) compared with the atomic radius,

wa
— < 1L
c

|Aa| ~

(169)
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Using the small-argument behavior of the Bessel functions,

NaKi(Na) ~ 1, (170)
and 1.123
Ky(Aa) ~ 1n ( .)\a ) : (171)

the stopping expression becomes

(%)m ~ % (3_66)21% /OOO iwn (153) [ﬁ _ 52} do. (172)

In the limit 8 — 1 (v — ¢), define

A~ % (1-8%)"?, (173)
w0 that 1.123 1.123 1
. 123c
In ( o ) ~In ( Y ) ~3 In(1—e¢). (174)
Thus,

().~ [l Y 2)- o]

Define

dE 2 (3¢’
<_> ~Z (—€> Re[], (175)
dr /., 7™\c
where
> 1.123¢ 1 9 5 . —wg
I= /0 iw {ln ( o ) —Ilnw+ éln(w —wj + zwf)} T il dw. (176)

This integral may be evaluated by Cauchy’s theorem, closing the contour in the upper
half-plane. The contour contains no poles in its interior, since the sum of the poles is zero.
The contribution from the imaginary-axis contour is obtained by setting w = €2, with €2 real.

One finds
o 1.12 1
I3:i/ Q[ln( 3c>—an+—ln(Qz+w§+QF)]
0 wpa 2
x “ 40 (177)
QP4 wi+w2+Qr
and

Re(I3) = 0. (178)

For the large semicircle, let w = Qe with Q — oo and 6 € [0, 7/2]. The logarithmic factor
vanishes asymptotically, so that the corresponding contribution tends to zero.
Thus the integral along the real axis is determined by the remaining part of the contour. The

result is )
1.12
[= - ( 30) . (179)

2 wWpa




Charged-Particle Collisions, Energy Loss, and Scattering

dE\  _ (3ew,\*, (L123c
de ) o c wpa )

Comparing with Eq. (36), and using

Therefore,

, ATNZe?
w, = ,
m
together with
1.123
Bc = ’yca
aw

we obtain

dE (3e)*wy 1.123ve 1

— = In ——1.

dr ) .. c? a{w) 2
For the final formula for ionization, one takes

(W) — wp, f— 1 (independent).

It is important to note a reduction in the energy loss at high energies: the density effect
modifies the asymptotic behavior of dF/dzx.

75

(71)

(72)

(180)

(73)

(181)
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Chapter 14 — Radiation from Moving
Charges

1. Liénard—Wiechert Potentials

7



78

Chap.14



Bibliography

[1] J. D. Jackson, Classical Electrodynamics, 3rd Ed., John Wiley & Sons (1999).
[2] Schankland et al., Rev. Mod. Phys., 27 , 167 (1955).

[3] J. G. Fox, Am. J. Phys., 30, 297 (1962).

[4] J. G. Fox, Am. J. Phys., 33, 1 (1965).

[5] J. G. Fox, J. Opt. Soc. 57, 967 (1967).

[6] T. Alvager, A. Nilsson, and J. Kjellman, Ark. Fys., 26, 209 (1963).

[7] Phys. Lett., 12, 260 (1964); Ark. Fys., 31, 145 (1965).

[8] G. R Kalbfleisch et al., Phys. Lett., 43, 1361 (1979).

[9] J. M. Rawls, Phys. Rev. D5, 487 (1972).

[10] B. C. Brown, Phys. Rev. Lett. 30, 763 (1973).

[11] J. C. Hafele and R. E. Keating, Science. 177, 166, 168 (1972).

79



